Abstract: Topological symmetry groups were originally introduced to study the symmetries 1 of non-rigid molecules, but have since been used to study the symmetries of any graph 2 embedded in R 3 . In this paper, we determine for each complete graph K n with n ≤ 6, 3 what groups can occur as topological symmetry groups or orientation preserving topological 4 symmetry groups of some embedding of the graph in R 3 . 
pieces, this molecule is achiral though it cannot be rigidly superimposed on its mirror form. A detailed discussion of the achirality of this molecule can be found in [3] . In general, the amount of rigidity of a given molecule depends on its chemistry not just its geometry.
24
Thus a purely mathematical definition of molecular symmetries that accurately reflects the behavior of 25 all molecules is impossible. However, for non-rigid molecules, a topological approach to classifying extension of the study of symmetries of knots which has a long history.
32
Though it may seem strange from the point of view of a chemist, the study of symmetries of embedded 33 graphs as well as knots is more convenient to carry out in the 3-dimensional sphere S 3 = R 3 ∪ {∞} 34 rather than in Euclidean 3-space, R 3 . In particular, in R 3 every rigid motion is a rotation, reflection,
35
translation, or a combination of these operations. Whereas, in S 3 glide rotations provide an additional 36 type of rigid motion. While a topological approach to the study of symmetries does not require us to 37 focus on rigid motions, for the purpose of illustration it is preferable to display rigid motions rather than 38 isotopies whenever possible. Thus throughout the paper we work in S 3 rather than in R 3 .
graph Γ, the automorphisms in TSG(Γ) are not necessarily induced by finite order homeomorphisms of 54 (S 3 , Γ).
55
For example, consider the embedded 3-connected graph Γ illustrated in Figure 2 On the other hand, Flapan proved the following theorem which we will make use of later in the paper. each n > 6, this question was answered for orientation preserving topological symmetry groups in the 90 series of papers [2, [6] [7] [8] .
91
In the current paper, we determine both the topological symmetry groups and the orientation 92 preserving topological symmetry groups for all embeddings of K n in S 3 with n ≤ 6. Another way
93
to state this is that we determine which groups are realizable and which groups are positively realizable
94
for each K n with n ≤ 6. This is the first family of graphs for which both the realizable and the positively 95 realizable groups have been determined.
96
For n ≤ 3, this question is easy to answer. In particular, since K 1 is a single vertex, the only 97 realizable or positively realizable group is the trivial group. Since K 2 is a single edge, the only realizable 98 or positively realizable group is Z 2 .
99
For n = 3, we know that Aut( in our list of realizable and positively realizable groups for K n when n > 3.
132
Finally, observe that for n > 3, for a given embedding Γ of K n we can add identical chiral knots
133
(whose mirror image do not occur in Γ) to every edge of Γ to get an embedding Γ ′ such that TSG(Γ ′ ) =
134
TSG + (Γ). Thus every group which is positively realizable for K n is also realizable for K n . We will use 135 this observation in the rest of our analysis.
136

Topological Symmetry Groups of K 4 137
The following is a complete list of all the non-trivial subgroups of Aut(K 4 ) ∼ = S 4 up to isomorphism:
We will show that all of these groups are positively realizable, and hence all of the groups will also 140 be realizable. First consider the embedding Γ of K 4 illustrated in Figure 3 . The square 1234 must go to itself under any homeomorphism of (S 3 , Γ). We summarize our results on positive realizability for K 5 in Table 3 .
196
Again by adding appropriate equivalent chiral knots to each edge, all of the positively realizable We obtain a new embedding Γ ′ by replacing the invertible 4 1 knots in Figure 9 with We obtain a new embedding Γ ′ by replacing the 4 1 knots in Figure 10 by 12 427 knots. Then the 225 triangle 123 cannot be inverted. Thus TSG(Γ ′ ) ∼ = Z 6 , generated by (123) and (45).
226
It is more difficult to show that Z 5 ⋊ Z 4 is realizable for K 5 , so we define our embedding in two steps.
227
First we create an embedding Γ of K 5 on the surface of a torus T that is standardly embedded in S 3 .
228
In Figure 11 , we illustrate Γ on a flat torus. Let f denote a glide rotation of S 3 which rotates the torus 229 longitudinally by 4π/5 and while rotating it meridinally by 8π/5. Thus f takes Γ to itself inducing the 230 automorphism (12345).
231
Figure 11. The embedding Γ of K 5 in a torus. Let g denote the homeomorphism obtained by rotating S 3 about a (1, 1) curve on the torus T , followed 6π/5. In Figure 12 , we illustrate the step-by-step action of g on T , showing that g takes Γ to itself The homeomorphisms f and g induce the automorphisms φ = (12345) and ψ = (2431) respectively.
236
Observe that φ 5 = ψ 4 = 1 and ψφ = φψ 2 . Thus φ, ψ ∼ = Z 5 ⋊ Z 4 ≤ TSG(Γ) ≤ S 5 . Note however that 237 the embedding in Figure 11 is isotopic to the embedding of K 5 in Figure 8 . Thus TSG(Γ) ∼ = S 5 .
238
In order to obtain the group Z 5 ⋊ Z 4 , we now consider the embedding Γ ′ of K 5 whose projection on a 239 torus is illustrated in Figure 13 . Observe that the projection of Γ ′ in every square of the grid given by Γ Recall that g was the homeomorphism of (S 3 , Γ) obtained by rotating S 3 about a (1, 1) curve on the 243 torus T , followed by a reflection through a sphere meeting T in two longitudes, and then a meridional illustrates a rotation of the square 1534 about a diagonal, then a reflection of the square across a longitude.
246
The result of these two actions takes the projection of the knot 1534 to an identical projection. Thus after 
249
In order to prove that TSG(Γ ′ ) ∼ = Z 5 ⋊ Z 4 , we need to show TSG(Γ ′ ) ∼ = S 5 . We prove this by 
Reflect in longitude
From Figure 14 we see that the square 1534 is the knot 4 1 #4 Thus every subgroup of Aut(K 5 ) is realizable for K 5 . Table 4 summarizes our results for TSG(K 5 ). 
Topological Symmetry Groups of K 6 259
The following is a complete list of all the subgroups of Aut(K 6 ) ∼ = S 6 :
and independently verified using the program GAP). Z-path is 4251, and the bottom Z-path is 5362. The knotted cycle 123456 must be setwise invariant under 
275
Consider the embedding, Γ of K 6 illustrated in Figure 18 with vertex 6 at infinity. The automorphisms Observe that every homeomorphism of (S 3 φψ and gψ = ψg
The subgroup f, g, ψ is isomorphic to D 3 × Z 3 because ψ commutes with f and gψ = ψg −1 . We 295 add the non-invertible knot 8 17 to every edge of the triangles 123 and 456 to obtain an embedding Γ 1 .
296
Now the automorphism φ = (45)(12) cannot be induced by an orientation preserving homeomorphism 297 of (S 3 , Γ 1 ). However, f , g, and ψ are still induced by orientation preserving homeomorphisms. Thus
with Γ in Figure 19 , we place 5 2 knots on the edges of the triangle 123 so that ψ is no longer induced.
301
Thus creating and embedding
Finally f, g is isomorphic to Z 3 × Z 3 . If we place equivalent non-invertible knots on each edge of 304 the triangle 123 and a another set (distinct from the first set) of equivalent non-invertible knots on each 305 edge of 456 we obtain an embedding Γ 3 with TSG + (Γ 3 ) ∼ = Z 3 ×Z 3 since Z 3 ×Z 3 is a maximal subgroup For the next few groups we will use the following lemma. Since h, f , and g are homeomorphisms of (S 3 , Γ) the links in a given orbit all have the same (mod 2) linking number. Since each of these orbits has an even number of pair of triangles, this contradicts
365
Conway Gordon. Thus Z 2 × Z 2 × Z 2 ∼ = TSG(Γ). Hence Z 2 × Z 2 × Z 2 is not realizable for K 6 366 Table 6 summarizes our realizability results for K 6 . Recall that for n = 4 and n = 5 every subgroup 367 of S n is realizable for K n . However, as we see from Table 6 , this is not true for n = 6. she was a long term visitor in the fall of 2013.
